Using the equivariant cdh−topology we prove a criterium for acyclicity for complexes of presheaves with equivariant transfers. Using this criterium we prove that, over a field of characteristic zero, Bredon motivic cohomology can be computed by Suslin-Friedlander complexes of equivariant equidimensional cycles and these complexes satisfy descent w.r.t. equivariant Nisnevich topology. Partly based on these results we completely identify Bredon motivic cohomology of a quadratically closed field and of a euclidian field in weight 1 and σ. We also prove that Bredon motivic cohomology of an arbitrary field in weight 0 coincides with integer coefficients (as abstract groups) with Bredon cohomology of a point.
Introduction
Motivated by the Voevodsky's definition of motivic cohomology, we introduced in [10] (together with J.Heller and P.A. Ostvaer) an equivariant generalization of motivic cohomology called Bredon motivic cohomology for G− equivariant smooth schemes over a field k and for a finite group G. In a subsequent paper [9] (together with J.Heller and P.A. Ostvaer), we extended this definition to an equivariant motivic cohomology bigraded by a pair of virtual C 2 −representations and defined in the Z/2-equivariant stable A 1 − homotopy category.
We proved in [9] that for a smooth C 2 − scheme X over the field of complex numbers there is a natural cycle map into Bredon cohomology of X(C) that in a certain range of indexes becomes isomorphism with finite coefficients. This result allows us to obtain partial computations of Bredon motivic cohomology groups of a complex variety in terms of Bredon cohomology of its complex points. However, apart from applications of this theorem, there is a lack of computations of Bredon motivic cohomology groups.
In this paper we give complete computations of Bredon motivic cohomology groups with integer coefficients in weight 0 of an arbitrary field. We also compute Bredon motivic cohomology of a field of characteristic zero with integer coefficients of bi-index given by one-dimensional Z/2-representations. We also give complete computations for quadratically closed fields and euclidian fields of characteristic zero in weight 1 and σ. The strategy to prove the result in weight 1 and σ (see section 6) is to show that Bredon motivic cohomology can be computed by Suslin-Friedlander complexes of equivariant equidimensional cycles (see section 4) . This together with a result of Nie [12] gives a computation of the Bredon cohomology of a field of characteristic zero in bidegree (a + 2qσ, b + qσ) (see Proposition 4.6) . Using this computation and after a careful analysis of the maps that appear in the l.e.s given by the cofibration C 2+ → S 0 → S σ we complete the computation of Bredon motivic cohomology with integer coefficients in weight 1 and σ of certain fields (see section 5 Theorems 6.7, 6.10, 6.8, 6.11).
A consequence of this computation is that Bredon motivic cohomology with Z/2 coefficients of a quadratically closed field of characteristic zero in weight 1 or σ coincides (as abstract groups) with Bredon cohomology of a point with Z/2−coefficients (but they have different computations with integer coefficients). For this see Corollary 6.12 and Corollary 6.9.
For example in weight 1 with Z/2−coefficients we have the following (see Corollary 6.9): Theorem 1.1. Let k be a field of characteristic zero. If k is a quadratically closed field or a euclidian field we have Notice that in the case of a quadratically closed field (for example any algebraically closed field like C) k * /k * 2 = 0 and in the case of a euclidian field (for example R) k * /k * 2 ≃ Z/2.
We know that H 1,1 C2 (k, Z) = K 1 M (k) = k * ( [11] , [17] ). As a generalization of this result we have the following result for Bredon motivic cohomology (Corollary 6.6): Theorem 1.3. For an arbitrary field k of characteristic zero we have H σ,σ C2 (k, Z) = Z/2, H 1,σ C2 (k, Z) = k * 2 , H σ,1 C2 (k, Z) = Z/2 and H 1,1 C2 (k, Z) = k * .
In section 4 we analyze the cohomology groups of the shift complexes Z top (nσ) and Z top (n) applied to an arbitrary field k. We obtain computations for weight 0 Bredon motivic cohomology of a field with integer coefficients.
As a consequence we obtain that Bredon motivic cohomology with integer coefficients in weight 0 of an arbitrary field coincides (as abstract groups) with Bredon cohomology of a point with integer coefficients. In conclusion with Z/2-coefficients we have: In section 3 we show that Suslin-Friedlander complexes of C 2 −equivariant equidimensional cycles compute Bredon motivic cohomology over a perfect field (see Theorem 4.1). We also prove that these complexes over a field of characteristic zero satisfy descent in equivariant Nisnevich topology (see Proposition 4.4) .
This result uses the following criterium proved in section 2 (Proposition 3.5). Here ecdh− topology is the equivariant cdh-topology that we study in section 2 (see also [6] ). Proposition 1.6. If a presheaf with equivariant transfers F on C 2 Sm/k with char(k) = 0 has the property that F ecdh = 0 then the complex (C * F ) eZar is acyclic.
Notations and Conventions. We let G = Z/2 (everywhere in the paper except in section 3) or finite abelian group (in section 3) and we view it as a group scheme over k via G = ⊔Spec(k). Sometimes we write C 2 for the same group. We let GSch/k to be the category of G−equivariant separated schemes of finite type with G-equivariant morphisms of schemes and GSm/k to be its subset of smooth G-equivariant schemes over k.
We write A(V ) = Spec(Sym(V ∨ )) for the affine k-scheme associated for a kvector space V and P(V ) = P roj(A(V )) for the associated projective scheme.
We denote S x = {g ∈ G|gx = x} = G/Gx the set-theoretical stabilizer of a point x and Gx = G × Sx {x} the orbit of a point x. In general for a Z ⊂ X we write GZ = ∪ g∈G gZ as the orbit of Z.
For an abelian group G we write 2 G := {g ∈ G|2g = 0}. We write k[G] = 1⊕σ for the regular C 2 −representation. We denote σ to be the real C 2 -representation given by R with −1 action. We denote by S σ the sphere associated to the C 2 −representation σ and in general by S V the topological sphere associated to the C 2 -representation V . We use the following notation for indexes in RO(G)-graded Bredon cohomology H p,q Br (X, Z) := H p+qσ Br (X, Z) for any virtual C 2 − representation V = p + qσ. We write H n,q (X) for the motivic cohomology of the scheme X.
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Preliminaries
Let V a C 2 -representation and T V := P(V ⊕ 1)/P(V ) ≃ A(V )/A(V ) \ {0} be the motivic representation sphere with the isomorphism in the C 2 − equivariant A 1 − homotopy category ( [1] , [8] , [9] ). For n ≥ 0 we write T nV = T V ∧ ... ∧ T V with n copies of T V in the right term. More generally we have T V ⊕W = T V ∧ T W for any two C 2 -representations V and W .
We have by definition that
is the Bredon motivic complex associated to the C 2 −representation V . Here A tr,C2 (X) = Cor k (−, X) C2 ⊗ A and a eN is is a sheafification on equivariant Nisnevich topology ( [1] , [10] , [4] ).
The equivariant Nisnevich topology is the smallest Grothendieck topology containing the elementary Nisnevich covers {U → X, Y → X} associated to the equivariant distinguish square in
Here p : Y → X is an equivariant etale morphism and U ֒→ X is an equivariant open embedding such that (X \ U ) red ≃ (Y \ W ) red . According to [10] and [4] an equivariant etale map p : Y → X is a C 2 − equivariant Nisnevich cover if for any x ∈ X there is y ∈ Y such that p(y) = x, k(x) ≃ k(y) and the set-theoretical stabilizers coincide S x ≃ S y . According to [10] the points in the equivariant Nisnevich topology are Hensel semi-local affine C 2 −rings with a single closed orbit. Any semilocal Henselian affine C 2 −scheme over k with a single orbit is equivariantly isomorphic to Spec(O h A,Gx ), the Spec of the henselianization of the semilocal ring O A,Gx where A is some affine C 2 −scheme and x ∈ A.
For a different generalization of Nisnevich topology in the equivariant setting called fixed point Nisnevich see [5] . The fixed point Nisnevich topology is a topology finer than equivariant Nisnevich topology, but coarser than equivariant etale topology used by Thomasson [16] . For example if X is a G−scheme with free action and X e is the same scheme with trivial action then X e × G → X is a cover in fixed point topology, but not in the equivariant Nisnevich topology [10] .
The shift in the definition of Bredon motivic complexes is given by the tensor product in D − (C 2 Cor k ) with the invertible complexes Z top (a + bσ) associated to any virtual C 2 −representation V = a + bσ [10] . We have that Z top (σ) := Cone(Z tr (C 2 ) C2 → Z tr (k) C2 ) ∈ D − (C 2 Cor k ) is the complex associated to the sign sphere S σ . Here D − (C 2 Cor k ) is the derived category of bounded above chain complexes of equivariant Nisnevich sheaves with equivariant transfers on C 2 Sm/k and it has a tensor product induced by
For an abelian group A we have that {MA n = Z tr,G (T nk[G] )} n defines the Bredon motivic cohomology spectrum MA in the stable C 2 -equivariant motivic homotopy category SH C2 [9] . The construction of SH C2 as a stabilization with respect to the motivic sphere T k[G] is recalled in the appendix of [9] and it initially appeared in [8] as a tool to study Hermitian K-theory of fields. We write [−, −] SHC 2 for maps in SH C2 .
The equivariant A 1 − homotopy was introduced initially by Voevodsky [1] in order to understand motivic Eilenberg-Mac Lane spaces. In the C 2 -equivariant A 1homotopy category (see [1] , [8] ) we have the following spheres: the usual sphere S 1 with trivial action, the sign sphere S σ with the conjugation action, the Tate sphere S 1 t = (A 1 \ {0}, 1) with the trivial action and the sign Tate sphere S σ t = (A(σ) \ {0}, 1) with the action x → x −1 .
Using the notation from [9] we define below the following motivic spheres biindexed by virtual C 2 -representations:
Notice that this notation is slightly different from the one used in [8] (see [9] for the translation between these two notations). This notion is suitable for comparison of Bredon motivic cohomology and Bredon cohomology as the complex realization of Re(S a+pσ,b+qσ ) = S a+pσ , where the right side defines the usual topological sphere associated to the
The definition of Bredon motivic cohomology in SH C2 is the following: [10] ) The Bredon motivic cohomology of a motivic C 2 -spectrum E with coefficients in an abelian group A is defined by
We call the virtual C 2 -representation V = a + pσ the cohomology index and the virtual C 2 −representation W = b + qσ the weight index.
According to [10] 
, [9] ), coincides with the definition of Bredon motivic cohomology given by the hypercohomology in equivariant Nisnevich topology (or equivariant Zariski topology [10] ) of the Bredon motivic complexes A(V ) defined above.
Based on an equivariant cancellation theorem proved in [10] we can conclude that if V = b + qσ is a virtual representation and W = c + dσ is a representation such that V ⊕ W is an actual C 2 − representation then for any C 2 −scheme X we have
. For the relation between the Bredon motivic cohomology and Edidin-Graham equivariant higher Chow groups [3] (which is a generalization of Totaro's Chow groups of classifying spaces [18] ) see [9] .
For a pointed motivic C 2 −space χ we have that the map in the equivariant A 1 −homotopy category
induces an isomorphism H a+pσ,b+qσ C2 (C 2+ ∧ χ, Z) = H a+p,b+q (χ e , Z), with χ e being the motivic space with the forgotten action [9] and the right side is given by the usual motivic cohomology. If the C 2 -scheme X has trivial action then according to [9] we have that H a,b C2 (X, Z) = H a,b (X, Z). Proposition 4.5 in section 4 gives a slight generalization of this last result. If X is a smooth quasi-projective C 2 −scheme with free C 2 -action then H n,m C2 (X, A) = H n,m (X/C 2 , A) [9] . In the stable equivariant A 1 − homotopy category there is the following motivic isotropy sequence
defined as a colimit of C 2 −homotopy cofiber sequences
By definition EZ/2 = colim n A(nσ)\{0}. The first map is induced by the projection A(nσ) \ {0} → Spec(k). We have that EZ/2 = colim n S nσ t ∧ S n t . The geometric classifying space is defined as the quotient of EC 2 by the free C 2 −action
In [9] we showed that Bredon motivic cohomology of EZ/2 is periodic of periodicity (2σ − 2, σ − 1) and that Bredon motivic cohomology of EZ/2 is periodic with periodicities (σ − 1, 0) and (σ − 1, σ − 1).
In the stable equivariant A 1 −homotopy category we have the basic cofiber sequence
which gives rise to the natural long exact sequence for any
For a complex scheme X, the basic cofiber sequence from the classical equivariant homotopy theory given by C 2+ → S 0 → S σ induces a l.e.s for the Bredon cohomology of the complex points of X. The complex realization X → X(C) defined on C 2 Sm/C → C 2 T op extends to a map SH C2 (C) → SH C2 between the stable equivariant A 1 − homotopy category over C and the classical stable equivariant homotopy category. According to [9] the complex realization of the motivic spectrum MA gives the spectrum that defines Bredon cohomology. The realization functor also induces a map between the two long exact sequences induced by the cofiber sequence C 2+ → S 0 → S σ in the motivic equivariant homotopy category and in the classical equivariant homotopy category.
The connecting map in the l.e.s. 2.2 is induced by the map
where the first map is the connecting map and the second map is induced by C 2+ p → S 0 induces multiplication by 2 on Bredon motivic cohomology i.e.
is multiplication by 2 for any choice of indexes and smooth C 2 −scheme X. Proof. According to the above composition we have that if x ∈ Ker(p * ) then 2x = 0.
We also recall that the topological Bredon cohomology groups of a point with Z/2-coefficients are ( [2] ):
With integer coefficients ([2]), we have for p > 0 (the positive cone), p even 
Equivariant cdh-topology
In this section we define the equivariant cdh-topology (see also [6] , [7] ) and prove a criterium (Proposition 3.5) to show that a complex (C * F ) eZar is acyclic, when F is a presheaf with equivariant transfers on GSm/k. Here G is a finite abelian group.
Definition 3.1. Let X be a G-equivariant scheme of finite type over a field k and Z ⊂ X be an G-equivariant closed immersion. Then an equivariant abstract blowup of X with centre Z is a G-equivariant proper map p :
We say that p : X ′ → X is an equivariant abstract blow up if there is Z ⊂ X with the above properties.
The ecdh-topology on GSch/k is the minimal Grothendieck topology generated by equivariant Nisnevich covers and covers X ′ ⊔Z → X corresponding to equivariant abstract blow-ups. A proper ecdh cover is a proper map which is also ecdh-cover.
For example X red → X is a ecdh-cover for any G-scheme X. Notice that any ecdh-cover X ′ → X has the property that for every
x (isomorphism of set-theoretical stabilizers). Notice that this implies that every ecdh-cover over an orbit Gx has an equivariant section where x = Spec(k) with k a field. It implies that the elements of the site (Gx) ecdh are orbits of points Spec(K), with k ⊂ K field extensions and with one of the fields K equal to k. We conclude that every 0-dimensional scheme has ecdh cohomological dimension zero. It implies that that ecdh-cohomological dimension of a Noetherian G-scheme X is at most dim(X) [15] .
We need the following equivariant version of the platification theorem [13] :
Proof. Let X be a noetherian G-scheme. It is enough to suppose that X is irreducible. Using the platification theorem [13] we obtain an abstract blow up p :
Notice that on X \ GZ ≃ X G \ GZ ′ the properties of an action g(hx) = (gh)x and 1x = x are fulfilled. This implies that the map G × X G → X G is an action map because it is an action map on a dense subset in X G . This implies that f : X G → X is an equivariant blow-up of equivariant centre GZ with the property from the above statement.
and S x ≃ S y (we call this property equivariant Nisnevich lifting property).
Proof. Let f : Y → X be a G−equivariant proper map with the equivariant Nisnevich lifting property. If dim(X) = 0 then according to the above the map f is a ecdh cover. We may assume that X is reduced and irreducible. We will proceed by induction on dim(X). If we apply the equivariant Nisnevich lifting property to the generic point of X (X is assumed reduced and irreducible) we obtain an equivariant closed subscheme of Y denoted X ′ which is birational to X outside a closed G-subscheme Z ⊂ X which has dimZ < dimX (X is irreducible). Then X ′ ⊔ Z → X is a proper birational ecdh-cover. The pullback of this ecdh-cover through the map f : Y → X is a ecdh-cover on X ′ ⊔ Z by induction. It implies that f is locally a ecdh-cover which implies that f is a ecdh-cover. The converse follows from the above discussion.
As an application of Proposition 3.3 we conclude that a blow-up of a smooth equivariant center is a proper birational ecdh-cover. If char(k) = 0 then every proper birational ecdh-cover of a smooth G-scheme X has a refinement obtained as a finite composition of equivariant blow ups of smooth equivariant centres [14] .
We will also show in the proof of the proposition below that similar to the nonequivariant case [11] every ecdh-cover is a composition of a proper ecdh-cover and an equivariant Nisnevich cover. Proposition 3.4. Suppose char(k) = 0 and let F be a equivariant Nisnevich sheaf on GSm/k. Then F ecdh = 0 if and only if for any smooth G-scheme X and any a ∈ F (X) there is composition of blow-ups along equivariant smooth centres p :
Proof. If F ecdh = 0 then for any a ∈ X (for the proof of this statement see below) there is a proper ecdh-cover p : X ′ → X such that p * (a) = 0. Every such cover has a refinement a proper ecdh birational cover (see proof of Proposition 3.3) and because char(k) = 0 this birational cover has further a refinement of the type we have in the statement of the proposition.
We prove that any ecdh-cover on X has a refinement U → X ′ → X where the second map is a proper ecdh-cover and the first map is an equivariant Nisnevich cover. If this statement is true then the above statement follows from the fact that F is an equivariant Nisnevich sheaf on GSm/k. To complete the proof we need to show that a composition of a proper ecdh-cover with an equivariant Nisnevich cover over an integral scheme has a refinement of the form a composition of an equivariant Nisnevich cover with a proper ecdh-cover.
Let T p → U q → X be a ecdh-cover with p a proper ecdh-cover and q an equivariant Nisnevich cover. Here X is an integral scheme. Let U i be an irreducible component of U and T i be the pull back of U i through p. According to Proposition 3.2 there is an abstract equivariant blow-up X ′ → X such that the pull back of T i is flat over X ′ . Now the pull back of U i through the blow-up map is giving an etale map U ′ i → X ′ . This implies that the map T ′ i → U ′ i is flat and because it is also proper and birational on irreducible varieties it is an isomorphism. So the pull back of T on X ′ admits a refinement U ′ → X ′ which is equivariant Nisnevich cover. We proceed by induction on the dim(X). The equivariant closed center Z of the blowup f : X ′ → X has a cover by pull back given by T × X Z → U × X Z → Z which by induction (X is supposed irreducible) has a refinement W ′ → V ′ → Z with the first map equivariant Nisnevich cover and the second map a proper ecdh-cover. Then the following composition is a refinement of the initial cover
with the first map an equivariant Nisnevich cover and the second map a proper ecdh-cover.
Suppose that (C * F ) eN is is not acyclic. Then there is a smallest n such that H = H n (C * F ) eN is = 0. We can also suppose that F is an equivariant Nisnevich sheaf by replacing it with F eN is . According to [10] , the equivariant Nisnevich sheaves H are strictly homotopy invariant. It implies as in the nonequivariant case [11] that
. But because F ecdh = 0 and H is a homotopy invariant sheaf we conclude by Lemma 3.8 that Ext n eN is (F, H) = 0 which implies that H = 0 which is a contradiction.
Denote the equivariant Nisnevich sheaf Z(X) := (ZHom(−, X) G ) eN is for any G-smooth scheme X. We have that Z(X) ⊂ Z tr (X) G is an equivariant Nisnevich subsheaf. We have the following proposition whose proof is similar to the proof in the nonequivariant case ( [19] , Proposition 5.18). 
Then for any homotopy invariant equivariant Nisnevich sheaf with equivariant transfers F , Ext n eN is (C, F ) = Ext n eN is (Q, F ) = 0 for all n. If L is a complex of equivariant sheaves with equivariant transfers whose cohomology sheaves are homotopy invariant then Ext n eN is (C, L) = Ext n eN is (Q, L) = 0 for all n.
Proof. (see also Proposition 13.19 [11] ) According to Proposition 3.6 we can pass to an equivariant etale neighborhood of Z without changing C or Q. Then we can suppose X = T × A n and Z = T × {0} with T an equivariant G−smooth scheme. In this case we have C = Q so the first equality is proved. Notice that in this case
The equality 2 follows from the equality 1.
Lemma 3.8. Assume that char(k) = 0. If F is an equivariant Nisnevich sheaf on GSm/k such that F ecdh = 0 and H is a homotopy invariant equivariant Nisnevich sheaf with equivariant transfers then Ext n eN is (F, H) = 0 for all n ≥ 0. Proof. Using the argument in the nonequivariant case [11] we extend Proposition 3.7 to the case of a finite composition of equivariant blow-ups with smooth G−closed schemes as centres. In other words if X r → X r−1 → ... → X 1 → X is a sequence of equivariant blow ups with G−smooth closed centres and C = Coker(Z(X r ) → Z(X)) then Ext * (C, F ) = 0 if F is a homotopy invariant equivariant Nisnevich sheaf with equivariant transfers. We have a surjection of equivariant Nisnevich sheaves ⊕ x∈F (X) Z(X) β → F → 0 where the sum is over all elements x ∈ F (X) and all smooth G-schemes X. Because F ecdh = 0 we have from Proposition 3.4 that β factors through ⊕ α C α → F , where each C α is the sheaf cokernel of a sequence of blow-up along equivariant smooth centres. We have that (C α ) ecdh = 0 because equivariant blow-ups are ecdh-covers. Letting K to be the kernel of β (which is also homotopy invariant equivariant Nisnevich sheaf with equivariant transfers) we have from Proposition 3.7 that Ext n eN is (F, H) = Ext n−1 eN is (K, H) and this is zero by induction on n. Notice that Proposition 3.7 implies that we have a blow up long exact sequence for Bredon motivic cohomology.
We also have the following extension of Bredon motivic cohomology on any Gscheme over a field k with char(k) = 0:
This coincides with the definition of Bredon motivic cohomology of a smooth C 2 −scheme given in [9] because of the following theorem.
Theorem 3.10. For any smooth C 2 −equivariant scheme X over a field of characteristic zero and any C 2 −representation V we have that
. Proof. This follows as in the nonequivariant case using the fact that we have equivariant resolution of singularities over a field of characteristic zero.
Complexes of equivariant equidimensional cycles
The results in this section work on every abelian group G, but we will restrict the discussion on G = C 2 .
We can define a presheaf of equivariant equidimensional cycles for any G-scheme of finite type on GSm/k as in the nonequivariant case: z equi (T, r) G (S) = is the free abelian group generated by closed irreducible G-subvarieties Z of S × T which are dominant and equidimensional of relative dimension r over a component of S.
We conclude that for a projective or proper G−scheme T we have z equi (T, 0) G = Z tr (T ) G . This is because z equi (T, 0) G (S) is the free abelian group generated by closed irreducible G−subvarieties Z of S × T quasi-finite and dominant over an irreducible component of S.
We define Suslin-Friedlander equivariant motivic complexes for a G−representation V = a + bσ to be
This is a complex of sheaves in equivariant Nisnevich topology on GSm/k.
The next theorem states that Suslin-Friedlander equivariant motivic complexes compute Bredon motivic cohomology.
Theorem 4.1. Let k be a perfect field and V a G-representation. Then there is a quasi-isomorphism of complexes of sheaves in the equivariant Zariski topology on GSm/k,
Proof. Let V = b + qσ a G-representation. As in [11] in the nonequivariant case we let F V (U ) = to be the free abelian group generated by G− equivariant cycles on U × A(V ) that do not touch U × 0 included in z equi (A(V ), 0) G (U ). We have a commutative diagram in the category of presheaves with equivariant transfers:
The vertical maps are injectives by construction. We can prove that the map r is also surjective on semilocal affine Hensel schemes with a single closed orbit. Let S be such a scheme and Z ⊂ S × A(V ) an 0−equidimensional cycle over S. This means Z is quasi-finite over S. We can write Z = Z 0 ⊔ Z 1 where Z 1 is finite over the closed points of the semilocal Hensel scheme S and Z 0 is the collections of points that are not over closed points of S. Both Z 0 and Z 1 are G-equivariant cycles because S has a single closed orbit. It is clear that Z 0 doesn't touch S × {0} because otherwise will project in a closed point of S. It implies that Z 0 is an G−equivariant cycle in F V (S). Also it is clear that Z 1 comes from Z tr (P(V ⊕ 1)) G /Z tr (P(V )) G and Z = Z 1 in coker 2 . It implies r is surjective on semilocal affine Hensel schemes with a single closed orbit.
We have that C * coker 1 ≃ C * coker 2 is a quasi-isomorphism of sheaves in equivariant Zariski topology (see Proposition 4.2). We notice that P(V ⊕1)\{0} ֒→ P(V ⊕1) is G−equivariantly A 1 − homotopy equivalent to the inclusion P(V ) ֒→ P(V ⊕ 1) (see [9] ) so C * (Z tr (P(V ⊕ 1) \ {0}) G /Z tr (P(V )) G ) is a chain contractible complex of presheaves. To conclude the theorem we notice that C * F V is also a chain contractible complex of presheaves. Let H be the following map H X :
. Using that C * is an exact functor and using the five lemma we conclude that
for any i. This is obviously true for i ≤ 0, where for i = 0 we used the condition F eN is = 0. We prove by induction that (H i ) eN is = 0 for any i. Suppose (H j ) eN is = 0 for any j < i. This means that the good truncation at level i, τ (C * F eN is ) is quasiisomorphic to C * F eN is . We also have that the presheaves H i are homotopy invariant and then (H i ) eN is is homotopy invariant (see Theorem 1.2. [10] ). It implies that
is the derived category of bounded above complexes of equivariant Nisnevich sheaves. It implies that the map in D − eN is (k),
which induces isomorphism on the i th homology groups is zero. It implies that (H i ) eN is = 0 and the induction is complete.
We have that H i (S) = 0 for any semilocal Hensel affine with a single closed orbit. In particular H i (⊔ j Spec(E j )) = 0 with a Z/2-action on the disjoint union and E i finitely generated field extensions of k. Because for every semilocal ring with a single closed orbit S and S 0 a Z/2-invariated dense open subscheme we have that F (S) ֒→ F (S 0 ) for every homotopy invariant presheaf F ([10]) we conclude that H i (S) = 0 for every semilocal ring with a single closed orbit. It implies that (H i ) eZar = 0 which implies (C * F ) eZar = 0.
Notice that the criterium in Proposition 3.5 allows the conclusion of Theorem 4.1 to work under the weaker condition char(k) = 0. 
Proof. We want to prove that z equi (U, 0) C2 /z equi (X, 0) C2 is an acyclic complex in D − eN is (k). According Proposition 3.5 we want to prove that for any C 2 -smooth scheme Y and any section W ∈ z equi (U, 0) C2 (Y ) there is a proper birational G-
. To see that the closure − p * W is an equivariant cycle we use that p * W ∈ z equi (U, 0) C2 (Y ′ ) and the other fibers that appear in the closure are supported on Z × Y ′ ֒→ X × Y ′ which is invariated by the C 2 -action. 
[pσ](X)). Proof. We use Proposition 4.1 and Proposition 4.3. We have that the complexes Z SF (V ) satisfy descent in the equivariant Nisnevich topology according to Proposition 4.3. We also use the fact that localization distinguished triangle from Proposition 4.3 gives again a distinguished triangle when we multiply with shifts Z top (V ) for a C 2 -representation V because these shifts are invertible [10] . ). Proof. We also have the functor (−) e : (C 2 Sm/k) → (Sm/k) that forgets the C 2 -action and sends an equivariant Nisnevich cover into a Nisnevich cover of the schemes without action giving a morphism of sites (−) e : (Sm/k) N is → (C 2 Sm/k) C2N is . This induces a map on cohomology φ : H a+pσ,b+qσ (X, Z) → H a−2b N is (X, Z(V )[pσ]). To construct the inverse of this map we look to the inclusion t : (Sm/k) → (C 2 Sm/k) which gives a morphism of sites t : (C 2 Sm/k) C2N is → (Sm/k) N is with t * an exact functor.
According to [12] we have that 
We use above that
for any b, q ≥ 0. It follows from Proposition 4.3.
With Z/2 coefficients (also the same for Z/l) we have ( [12] ):
. It implies the following proposition: Proposition 4.7. For any field k of characteristic zero and any b, q ≥ 0 we have
The same statement is available with Z/l-coefficients.
Proof. The last statement follows from V.Voevodsky [21] and the statement with Z/l coefficients follows from M.Rost and V.Voevodsky's Bloch-Kato theorem [22] , [23] .
In the case n = 1 we have [2] . We also have that C * z equi (A(σ)) Z/2 ≃ Z/2 ⊕ O * [1] . These remarks are used in Proposition 6.2.
Notice that the Propositions 4.6 and 4.7 are available for every smooth scheme X with trivial C 2 -action over a field of characteristic zero.
Bredon motivic cohomology of a field in weight 0
In this section k is an arbitrary field. In this section we will compute Bredon motivic cohomology in weight less or equal to zero of the field k.
We have the following vanishing theorem for Bredon motivic cohomology groups:
Proposition 5.1. For any smooth C 2 −variety X and any b + q < 0, b < 0 we have that H a+pσ,b+qσ C2 (X, Z) = 0.
Proof. We use the motivic isotropy cofibration
(EC 2 × X) = 0 which implies the vanishing. That last equality follows from the fact that H a+pσ,b (EC 2 × X) = 0 for any a, p if b < 0. This is the result of using inductive the l.e.s.
and also for p < 0 we have Proof. It follows from the motivic isotropy cofibration EC 2+ → S 0 → EC 2 . We restrict to the case q < 0, b ≥ 0 because if q < 0 and b < 0 we can use Proposition 5.1 to conclude that the groups are zero. Using the cofibration C 2+ → S 0 → S σ and b + q < 0 we conclude that H a+pσ,b+qσ C2 (k, Z/2) = H a+2qσ,b+qσ C2 (k, Z/2) for any p.
From the definition it follows that H a+2qσ,b+qσ
We know that H * , * (A(−qσ) \ {0}/C 2 , Z/2) is a H * , * (k, Z/2) = H * et (k, Z/2)[τ ]module generated by uv i and v i where u is a (1, 1) element and v is a (2, 1) element and τ is a (0, 1) element [20] . We also have the relation u 2 = vτ . We can write the equality as Proof. From the periodicities (σ − 1, σ − 1) and (σ − 1, 0) of EC 2 [9] we have that H a+pσ,0 C2 ( EC 2 ) = H a,0 C2 ( EC 2 ). We have from the motivic isotropy sequence that 0 → H a,0
because H a,0 C2 (k) ≃ H a,0 C2 (EC 2 ) = H a,0 (BG) for any a. It implies that H a,0 C2 ( EC 2 ) = 0 for any a. Proof. We use the motivic isotropy cofibration EC 2+ → S 0 → EC 2 . Using Proposition 5.3 we get for b ≤ 0 that
We will compute below H a+pσ,0 C2 (k, Z). We have the following l.e.s. 
We also have that H a−(a+1)σ,0 C2 We also have H a−aσ,0 C2 (k, Z/2) = Z/2 for any a ≤ 0, a ≥ 2 and zero for a = 1.
Proof. We have that H a−aσ,0 C2 (k) = H a (Z top (−aσ)(k)). So it is enough to study the last nontrivial map of the complex Z top (−aσ)(k). If a = −1 then the complex is (k, Z/2) = Z/2. It remains the case |a| ≥ 2. We look to the complex Z top (nσ) with n > 0. Let's look first to the case n = 2. We have the projections q i : C 2 × C 2 → C 2 and p : C 2 → pt for i = 1, 2. They induce the maps q i : Z tr (C 2 × C 2 ) G → Z tr (C 2 ) G and q t i : Z tr (C 2 ) G → Z tr (C 2 × C 2 ) G and p : Z tr (C 2 ) G → Z tr (k) G and p t : Z tr (k) G → Z tr (C 2 ) G . If we apply p to the field k we have that p(a) = 2a because the map is
The dual p t : Z tr (k)(k) → Z tr (C 2 )(k) is given by p(a) = (a, a) which is given by the transpose matrix (1, 1) . If we look to q t 1 : Z tr (C 2 )(k) → Z tr (C 2 × C 2 )(k) we see that is given by q t 1 (a, b) = (a, b, a, b) = (a, b)(I 2 , I 2 ) which on fixed points gives q t 1 : (a, a) . Looking to the transpose we get that q i : Z tr (C 2 ×C 2 ) → Z tr (C 2 ), q i (a, b, c, d) = (a+c, b+d) = (a, b, c, d)(I 2 , I 2 ) T implying that on fixed points we get q i :
For n = 2 we have the following complex
with the first map of the complex given by (q 1 , −q 2 ) i.e. g(a, b) = (a+ b, −a− b) and the second map is f (a, b) = 2a + 2b = p + p. It implies that H −2+2σ,0 (k, Z) = Z, H −1+2σ,0 (k, Z) = 0 and H 2σ,0 (k, Z) = H σ,0 (k, Z) = Z/2.
We also have the complex
with the first map being g(a) = (a, a) and the second map f (a, b) = (a − b, a − b). It implies that H 2−2σ,0 (k, Z) = Z and H n−2σ,0 (k, Z) = 0 for n = 2.
For example in the case of the projection on the first coordinate Z tr (C 2 × C 2 )(k) → Z tr (C 2 )(k) we have a(0, 0)+b(1, 0)+c(0, 1)+d(1, 1) → a0+b1+c0+d1 = (a + c, b + d). When we consider the action of C 2 we have that Z tr,G (C 2 × C 2 )(k) → Z tr,G (C 2 )(k) is the map (a, b, b, a) → (a + b, a + b) because in the above sum we have a = d and b = c. The next map is the projection on the second coordi-
Because we take C 2 − action that interchange the copies of k we obtain a = d and b = c which implies again that the map on fixed points is (a, b, b, a) → (a + b, a + b). We conclude that the map
is given by (a, b, c, d) → (a + c, b + d, −a − b, −c − d). If we consider Z tr,G then the last map of the complex Z top (2σ)
Let's consider the last nontrivial map of the complex Z top (3σ)
which is given by the three projections from three coordinates to two coordinates. If we proceed as in the above case we compute this map (up to the sign of the coordinates) to be (a, b, c, d) → (a + b, a + c, a + d, b + c, b + d, c + d) . The kernel of this map is H 3−3σ (k, Z) = 0 and H 3−3σ (k, Z/2) = Z/2.
In general the last map of the complex Z top (nσ) is given up to the sign of coordinates by (a 1 , ...a 2 n−1 ) → (..., a i + a j , ...), where the indices i, j are on a subset of all the pairs of two distinct indices from 1 to 2 n−1 and the coordinate entry is up to a sign given by the differential of the complex. We have that (a 1 , ...a 2 n−1 ) = a 1 (0, 0..., 0) + a 2 (1, 0, ..0) + a 3 (0, 1, 0, ..., 0) ... + a 2 n−1 (1, 1, ..., 1) . We want to determine how many independent variables generate the kernel of this map. We have n projections. For a single projection we have 2 n−2 sums that actually depend only on 2 n−2 variables (a 1 , ..., a 2 n−2 ). We call two variables are codependent if they have there are two projections that have the same image. For example a 2 (1, 0..., 0) and a 3 (0, 1, ..0) will have two distinct projections (that miss the first and the second component) in (0, 0..0) (the projection of a 1 (0, ...0)))so they are all codependent in the kernel i.e. a 2 +a 1 = 0 and a 3 +a 1 = 0. It implies that the coefficients of the variables (1, 0..., 0), (0, 1, ...0) , ...(0, 0..., 0) are codependent as they have a projection being (0, 0..., 0). Now the coefficient of (1, 0...0) has on projection the same as (1, 1, 0..0) or (1, 0..0, 1, 0 , ...0) etc and this means the coefficients of the generators with one 1 are codependent with all the coefficients of generators with 2 1'2. And so on. It implies that the kernel depends on just one generator as all of them are equal up to a sign which doesn't matter in the case of Z/2 coefficients. It implies that H −n+nσ C2 (k, Z/2) = Z/2. If we keep track of the sign we have that a 0 (0, ...0) (0's) is equal to −a 1 (1, 0...0) = −a 2 (0, 1, 0..0) = ... = −a n (0, ...0, 1)(−1 ′ s) (the coefficients of elements were one 1 appear ) equal to a n+1 (1, 1, 0. .) = ... = (0, ., 0, 1, 1)(2 ′ s) (the coefficients of elements were two 1 appear) equal to −3 ′ s = 4 ′ s = ...(−1) n n ′ s. Because of the action we have that a 0 (0, ...0) and b(1, 1..1) have a 0 = b and the coefficients of 1's are the same as 2 n − 1's and so on. Then the above equality says that the generator a 0 has the property that 2a 0 = 0 is n is odd. It implies that H −n+nσ C2 (k, Z) = Z if n is even and H −n+nσ C2 (k, Z) = 0 if n is odd. Notice that this computation also follows directly from the arguments in Corollary 5.8.
This map is dual with the last map of the complex Z top (−nσ)(k) given by
where the domain has n − 1 copies of C 2 and the codomain has n copies of C 2 . Because dim(Ker(A)) + dim(Im(A)) = n = dim(M ) = # columns of A and because dim(Im(A)) = dim(Im(A T )) and dim(Ker(A) = 1 if we consider Z/2-coefficients then we have that Im(A) ≃ Im(A t ) as vector spaces so Coker(A t ) = M/Im(A t ) ≃ Z/2 and H n−nσ C2 (k, Z/2) = H −n+nσ C2 (k, Z/2) = Z/2. We compute now the negative cone of weight 0 Bredon motivic cohomology by induction. When a = 2 we have H 2−2σ,0 (k, Z) = Z and H n−2σ,0 (k, Z) = 0 for any n = 2. If n = 3 we have a l.e.s 0 → H 2−3σ,0 (k, Z) → H 2−2σ,0 (k, Z) f1 → H 0,0 (k, Z) → H 3−3σ,0 (k, Z) → 0 and because H 0,0 (k, Z) → H 2−2σ,0 (k, Z) is an isomorphism we have according to Proposition 2.4 that f 1 is multiplication by 2. It implies H 3−3σ,0 (k, Z) = Z/2 and H n−3σ,0 (k, Z) = 0 if n = 3. We also have the sequence 0 → H 3−4σ,0 (k, Z) → H 3−3σ,0 (k, Z) = Z/2 0 → H 0,0 (k, Z) = Z → H 4−4σ (k, Z) → H 4−3σ (k, Z) = 0 which implies that H 3−3σ,0 (k, Z) = H 3−4σ,0 (k, Z) = H 3−nσ,0 (k, Z) = Z/2 for any n ≥ 3 and H n−3σ,0 (k, Z) = H n−4σ,0 (k, Z) = 0 for n ≤ 2 and n ≥ 5 and H 4−4σ (k, Z) = Z. In conclusion
.
→ H 0,0 (k, Z) = Z → H 5−5σ (k, Z) → H 5−4σ (k, Z) = 0 and that the map H 0,0 (k, Z) = Z ≃ H 4−4σ,0 (k, Z) is an isomorphism from the above l.e.s.. We conclude that f 2 is multiplication by 2 so H 4−5σ,0 (k, Z) = 0 and H 5−5σ (k, Z) = Z/2. It also implies that H n−5σ,0 (k, Z) = 0 for any n = 3, 5 and H 3−5σ,0 (k, Z) = Z/2. We will compute also the case n = 6 and conclude by induction the general case. For n = 6 we have that 0 → H 5−6σ,0 (k, Z) → H 5−5σ,0 (k, Z) = Z/2 f3 → H 0,0 (k, Z) = Z → H 6−6σ (k, Z) → H 6−5σ (k, Z) = 0 and because H 0,0 (k, Z) = Z → H 5−5σ (k, Z) = Z/2 is the canonical surjection (nontrivial) we conclude that f 3 = 0. It implies that H 5−6σ,0 (k, Z) ≃ H 5−5σ,0 (k, Z) = Z/2 and H 0,0 (k, Z) = Z ≃ H 6−6σ (k, Z). We conclude that Proof. If a = −2 we have The above theorems conclude that Bredon motivic cohomology of a field with integer coefficients coincide (as abstract groups) with Bredon cohomology of a point with integer coefficients. We also have the following theorem : Theorem 5.9. Let k be an arbitrary field. Then with Z/2−coefficients we have that
Bredon motivic cohomology of a field in weight 1 and σ
In this section we assume that k is a field of characteristic zero. We have the following Bredon motivic cohomology of EC 2 in weight 1.
Proposition 6.1. We have H a+pσ,1 ( EC 2 , Z) = 0 if a = 3 and H 3+pσ,1 ( EC 2 , Z) = Z/2.
Proof. We have that the motivic isotropy sequence gives a l.e.s Proof. From Proposition 4.6 we have H 2σ,σ (k, Z/2) = 0 for any n = 0, −1. b) H 1,σ C2 (k, Z) = k * 2 and H n,σ C2 (k, Z) = 0 for any n = 1; With Z/2−coefficients we have
and H 1,σ C2 (k, Z/2) = k * 2 /k * 4 . In the case √ −1 = ∅ we have that k * /k * 2 ×2 ≃ k * 2 /k * 4 = H 1,σ C2 (k, Z/2). Also H n,σ C2 (k, Z/2) = 0 for n = 0, 1. Proof. a) We have the following l.e.s. (k, Z) = 0 for any n ≥ 1 and n ≤ −2.
From the split universal coefficients sequence we have that H σ,σ C2 (k, Z/2) = H σ,σ C2 (k, Z) ⊗ Z/2 = Z/2 and H σ−1,σ
From this sequence it implies that H n,σ C2 (k, Z) = 0 for any n = 0, 1. We have H 1 (S σ , O * G ) = Z/2 and H i (S σ , O * G ) = 0 for any i = 1. This is because we have
This is zero if n = 0 and Z/2 if n = 0 from a). We have that H n (S σ , Z/2) = 0 for any n because the complexes Z top (−σ) have trivial cohomology (see proof of
The map p is injective and the maps r and q are bijectives [10] which implies that the map α is injective. Because we have a s.e.s of abelian groups
C2 (k, Z/2) = Z/2 and the map α is zero which implies H 1,σ C2 (k, Z/2) = k * /k * 2 . If −1 / ∈ k * 2 then H 0,σ C2 (k, Z/2) = 0 and the map α is injective and from the s.e.s 0 → Z/2 → k * /k * 2 → H 1,σ C2 (k, Z/2) → 0, we have that H 1,σ C2 (k, Z/2) = k * 2 /k * 4 with the right map being multiplication by 2. (k, Z/2) = 0 for n = 0, −1, 1.
Proof. We have a l.e.s.
We obtain H σ+n,1
C2
(k, Z) = 0 for n = 1, 0. The connecting map δ is multiplication by 2 (see below) so we get H σ+1,1
(k, Z) = k * /k * 2 and H σ,1 C2 (k, Z) = Z/2. Using the universal coefficient sequence we have H σ+1,1
(k, Z/2) = k * /k * 2 and H σ,1 C2 (k, Z/2) = Z/2 ⊕ k * /k * 2 and H σ−1,1 C2 (k, Z/2) = Z/2 and all the rest are zero.
With Z/2−coefficients we have that
(k, Z) = Z/2 ⊕ k * /k * 2 .
We also have H 1+σ,1
(k, Z/2) = H 1+σ,1
(k, Z) ⊗ Z/2 ⊕ 2 H 2+σ,1
(k, Z) = k * /k * 2 and H −1+σ,1
C2 (k, Z) = Z/2. The rest of groups are obviously zero.
In conclusion we have: Corollary 6.6. For any field k of char(k) = 0 we have H σ,σ C2 (k, Z) = Z/2, H 1,σ C2 (k, Z) = k * 2 , H σ,1 C2 (k, Z) = Z/2, H 1,1 (k, Z) = k * . With Z/2−coefficients we have H σ,σ C2 (k, Z/2) = Z/2, H 1,σ C2 (k, Z/2) = k * 2 /k * 4 , H σ,1 C2 (k, Z/2) = Z/2 ⊕ k * /k * 2 , H 1,1 (k, Z/2) = k * /k * 2 .
In the following theorem we compute the positive cone of Bredon motivic cohomology of a quadratically closed field or a euclidian field (of characteristic zero). We conclude that for a quadratically closed field the Bredon motivic cohomology of weight 1 coincides as groups with Bredon cohomology of a point. For a euclidian field like R we have that k * /k * 2 = Z/2.
The negative cone of Bredon motivic cohomology of weight σ of a formally real field or a quadratically closed field is computed below. For a quadratically closed field it coincides with the negative cone in weight 1 (see Theorem 6.8). It doesn't coincide for a formally real field. Theorem 6.10. Suppose that k is a quadratically closed or a formally real field (char(k) = 0). Then for n ≥ 1 we have:
If n ≥ 2 is even then (k, Z) = k * because the map τ is the zero map because k is either a formally real field or a quadratically closed field.
We also have H n−2σ,σ C2 (k, Z) = 0 for any n = 2, 3. In the following theorem we compute the positive cone of Bredon motivic cohomology of weight σ of a quadratically closed field and a euclidian field. with the map γ is given by multiplication by 2. This follows from the fact that
